Using 3+1 spacetime fibrations on Lorentz manifolds, we define an analogous W-entropy for gravitational fields. Such F-and W-functionals were introduced in the Ricci flow theory of three dimensional Riemannian metrics by G. Perelman, arXiv: math.DG/0211159. The main goal of this paper is to solve and study one of the mentioned there problems: how associated statistical thermodynamical functions could reproduce in a relativistic manner the black hole thermodynamics and, in a more general context, provide a thermodynamic description of gravitational interactions? In our approach, the gravitational W-entropy characterizes the geometric evolution of three dimensional (3-d) hypersurface metrics nonoholonomically imbedded into certain classes of 4-d solutions of gravitational field equations. A geometric method for generating generic off-diagonal exact solutions for Einstein manifolds of pseudo-Euclidean signature determined by relativistic Ricci flow evolution of 3-d Riemannian metrics is applied. To relate such a formalism to the thermodynamic description of gravitational fields is useful to redefine the Perelman's thermodynamic functions into nonholonomic variables and generalize the T. Clifton, G. F. R. Ellis and R. Tavakol [Class. Quantum Grav. 30 (2013) 125009] theory. This allows us to construct a gravitational entropy which increases monotonically as structure forms in Universe. It is also a measure of the local anisotropy of gravitational interactions which reproduces the black hole thermodynamics. Finally, we speculate on physical macrostate and microstate interpretations of the W-entropy in the general relativity and geometric flow theories and possible connections to string theory (a second unsolved problem also contained in Perelman's works) in the Polyakov's approach.
flows with evolution on imaginary time ς = −it (0 ≤ ς ≤ 1/κT, where κ is the Boltzmann constant and T is the temperature) if the pseudo-Riemannian spacetime is transformed into a Riemannian configuration space like in thermal and/or finite temperature quantum field theory (see [6, 7] and references therein). Recall that G. Perelman treated τ = β −1 as the temperature and derived his W-entropy following an analogy to formulas for the entropy in statistical mechanics. 1 In his works, it was not specified what type of underlying microstates and their energy should be taken in order to explain the geometric flows corresponding to certain thermodynamical and gravity models.
The main goal of this paper is to study how the concept of W-entropy can be generalized for the general relativity, GR, theory. We argue that an appropriate re-definition of effective thermodynamic variables for the Ricci flow theory allows us to compute the entropy of gravitational fields and elaborate an effective statistical mechanics and thermodynamical formalism both for the cosmology and black holes. We shall use the 3+1 decomposition formalism (see details, for instance, in [8] ) and specify the conditions when a 3-d geometric evolution is "driven" in relativistic form by solutions of the Einstein equations in GR, when the evolution parameter can be related to a time like variable.
Recently, a thermodynamical theory of gravitational fields with a measure of gravitational entropy was proposed by Clifton-Ellis-Tavakol, CET, in [9] . The constructions are based on the square-root of the BelRobinson tensor when the measure is non-negative in contrast to other proposals. Some examples were analyzed, for instance, for the Schwarzschild black hole and Friedmann-Lemaître-Robertson-Worker, FLRW, cosmology. The black hole thermodynamics can be derived as a particular case. The CET approach was elaborated in a form which is different from the statistical mechanics and thermodynamic models based on the concept of W-entropy (24) (see further developments in [10, 11, 12] and references therein). Nevertheless, we shall prove that there are such 3+1 generalizations and transforms of thermodynamic functions when analogous W-entropy variables are re-defined equivalently into terms of CET variables, and inversely.
A definition of gravitational entropy which would be compatible with cosmological processes (for instance, structure formation) need to be valid for vary general classes of solutions with non-stationary and/or nonvacuum spacetimes. In order to prove that our approach really provides such a possibility, we shall apply the so-called anholonomic frame deformation method, AFDM, (see a recent review in [13] , and references therein) for constructing generic off-diagonal exact solutions in various models of gravity theories and geometric flows with commutative and noncommutative variables [14, 10, 11] . This method involves 2+2 nonholonomic fibrations and a geometric techniques which allows us to integrate systems of partial differential equations, PDEs, with functional and parametric dependencies on generating and integration functions and constants depending, in general, on all spacetime coordinates and with various types of Killing and non-Killing symmetries.
3+1 and 2+2 fibrations:
We shall work on 4-d spacetimes with "double" fibrations. The 3+1 decompositions were introduced in GR with the aim to elaborate canonical approaches, for instance, to perturbative quantum gravity, relativistic thermodynamics etc. In another turn, the nonholonomic 2+2 splitting happen to be useful for decoupling the Einstein equations and constructing exact solutions in general off-diagonal forms and elaborating the formalism of deformation and A-brane quantization of different theories of gravity [13, 14, 10] . To provide a Ricci flow background for relativistic thermodynamical theories of gravitational fields is convenient to work with nonholonomic distributions adapted to a conventional double 3+1 and 2+2 splitting.
We foliate a 4-d Lorentz manifold M 3+1 enabled with a pseudo-Riemannian metric g = {g αβ } into a family of nonintersecting family spacelike 3-d hypersurfaces Σ t parameterized by a scalar field, i.e. "time function", t(u α ). The local coordinates are stated in the form u α = (u 1 , yȃ), or = (t, yȃ); we shall also use a brief denotation u = (t,ȗ). The unit normal vector to supersurfaces, v α ∝ ∂ α t, when ∂ α := ∂/∂u α , is a future-directed time-like vector field. We can use t as a parameter for a congruence of curves χ(t) ⊂ M 3+1 intersecting Σ t , when the vector t α := du α /dt is tangent to the curves and t α ∂ α t = 1. For any system of coordinates u α = u α (t, yȃ), there are defined the vector t α := (∂u α /∂t) yȃ and (tangent) vectors e αȃ := (∂u α /∂yȃ) and the Lie derivative along t α results in £ t e αȃ = 0.
We can describe a 3 + 1 spacetime splitting in terms of lapse (a scalar functionN (u)) and shift (a 3-vectoȓ Nȃ(u)) functions. It is used the unit normaln α to the hypersurfaces whenn α = −N ∂ α t andn α e αȋ = 0. This allows us to consider the decompositions t α =Nn α + Nȃe αȃ and du α = t α dt + e αȃ dyȃ = (N dt)n α + (dyȃ + Nȃdt)e αȃ . The quadratic line element ds 2 = g αβ du α du β of a metric tensor g can be written in the form
wheregȃb = g αβ e αȃ e βb is the induced metric on Σ t . For the determinants of 4-d and 3-d metrics, |g| =N |g|.
In coordinates (t, yȃ), the time partial derivative is £ t q = ∂ t q and the spacial derivatives are q ,ȃ := e αȃ q ,α . Let us consider a Whitney sum defined for tangent space T M 3+1 , N :
. Such a nonholonomic (equivalently, non-integrable, or anholonomic) distribution defines a horizontal (h) and vertical (v) splitting/ decomposition as nonlinear connection (N-connection) structure. We can consider local coordinates which are adapted to such decompositions: u = (x, y), or u α = (x i , y a ), with h-indices i, j, ... = 1, 2, and v-indices a, b, ... = 3, 4, 2 and write N = N a i (x, y)dx i ⊗ ∂/∂y a . The N-connection coefficients, N a i (u), state certain adapted frame and, respectively, dual frame structures, e ν = (e i , e a ) and e µ = (e i , e a ), when
Such nonholonomic bases are characterized by relations [e α , e β ] = e α e β − e β e α = W γ αβ e γ with anholonomy coefficients
when Ω a ij is the N-connection curvature. The structure is integrable (holonomic) if and only if W γ αβ = 0. With respect to (2), any metric tensor g = {g αβ } (including 3+1 decompositions in a form g = {g αβ } (1)) can be expressed as a distinguished metric, d-metric,
Different equivalent coefficient representations of a metric can be related via frame transforms
is a linear connection preserving under parallelism the N-connection splitting. For any D, we can define and compute the torsion, T = {T α βγ }, and Riemann curvature, R = {R α βγδ }, tensors (see details in [13] ). Prescribing a N-connection and a d-metric structures, we can work equivalently with two "preferred" metric compatible linear connections,
In the first line, ∇ is the torsionless Levi-Civita, LC, connection and, in the second line, D is the so-called canonical d-connection. We note that ∇ is not a d-connection because it not adapted to the N-connection structure. Nevertheless, there is a canonical distortion relation D = ∇ + Z which is preserved under N-splitting N and uniquely determined by g.
The Ricci tensors of D and ∇ are defined and computed in standard form and denoted, respectively, Ric = { R βγ := R 
We can introduce the scalar of canonical d-curvature, R := g αβ R αβ = g ij R ij + g ab R ab . This geometric/ physical object is different from the LC-scalar curvature, R := g αβ R αβ . 3
2 The Einstein rule on summation on "up-low" cross indices is applied. Boldface letters are written in order emphasize that a N-connection spitting is considered on a nonholonomic manifold V = (M 3+1 , N). In general, we can work with any system of coordinates
, where one of coordinates x i , y a is time like and another ones are space like. 3 Any (pseudo) Riemannian geometry can be equivalently described by both geometric data (g, ∇) and The Einstein equations in GR are written in standard form as R αβ − 1 2 g αβ R = κT αβ , when the Ricci tensor R αβ and scalar R are taken for the Levi-Civita, LC, connection ∇ of g αβ . In these formulas, T αβ is the energy-momentum tensor of matter and κ is the gravitational coupling constant for GR. The gravitational field equations can be rewritten equivalently using the canonical d-connection [13, 14] ,
where the effective matter fields source Υ µν is constructed via a N-adapted variational calculus with respect to (2) in such a form that
To find nontrivial off-diagonal solutions is important to impose the LC-conditions (6) after a class of solutions of (5) was constructed in a general form. Taking any timelike unite vector v α , we can define a projection tensor h αβ = g αβ + v α v β . A (3+1)+(2+2) covariant description of gravitational filed is possible by corresponding splitting into irreducible parts such that 
into, respectively, electric and magnetic like parts (similarly to the Maxwell theory),
In these formulas, η αβγ = η αβγδ v δ , for the spatial alternating tensor η αβγδ = η [αβγδ] with η 1234 = |g αβ |. For any spacelike unit vectors x α , y α , z α that together to v α form an orthonormal basis, we can introduce null tetrads
for i 2 = −1, and express the metric
Decoupling of Einstein equations in nonholonomic variables: The system of PDEs (5)- (6) has an important decoupling property which allow us to find very general classes of off-diagonal solutions depending on all spacetime coordinates via generating and integration functions and constants, see proofs in [13] and references therein. In a more simple form, we can understand a series of important properties of such solutions and show how the AFDM can be applied if we work with d-metrics with one Killing symmetry on ∂/∂y 3 when the Nadapted coefficients of the gravitational and matter fields do not depend on variable y 3 . For instance, we can consider that y 4 = t is a time like variables and coefficients in (3) are given by an ansatz
The assumption for the matter fields and effective gravitational sources is that via frame transforms and nonholonomic constraints, Υ µ ′ ν ′ = e µ µ ′ e ν ν ′Υµν , we can relate them to certain effective sourcesΥ(x i ) and Υ(x i , t) when
The system of equations (5) when R and R αβ are computed for D in its turn determined by ansatz (9) and source (10) , with respect to N-adapted base (2), decouple in this form:
The coefficients are given by formulas
is considered as a generating function. For simplicity, we use "brief" notations for partial derivatives (when
and do not provide solutions for d-metrics for which h ⋄ a = 0 and/or Υ µ = 0 (such examples were studied in [13] and references therein). The LC-conditions (6), i.e. T = 0, are satisfied if
Let us explain in brief the decoupling property of the system of nonlinear PDEs (11)- (13): A function ψ is the solution of two dimensional (2-d) Poisson equation with source 2Υ(x k ). Such solutions depend only on hvariables and h-coordinates which is natural for a N-adapted 2+2 splitting. The coefficients h 3 and h 4 depend on the v-coordinate with in our case is chosen to be a time like one, t. Such coefficients are not independent but related to φ, or Φ, and source Υ via equation (14) . As a matter of principle, we can prescribe h 3 and then find h 4 , or inverse. The N-connection coefficients are determined two subsets of functions n i and w i and corresponding equations. We can integrate two times on t the equations for n i and solve a system of first order algebraic equations for w i .
Integral varieties for exact off-diagonal solutions: We can fix a nontrivial (effective cosmological) constanť Λ and encode the a dynamical source Υ into a re-defined generating functionΦ using formulaš
when (Φ 2 ) ⋄ /|Υ| = (Φ 2 ) ⋄ /Λ. For such parameterizations, the integral varieties of (11)-(15) can be constructed in explicit form if the function Φ is chosen (via coordinate/ frame transforms) to satisfy the conditions (∂ i Φ) ⋄ = ∂ i Φ ⋄ . In such cases, the second equation in (15) is solved if the solutions for the system (12) and (14) are parameterized in the form
We solve in explicit form solutions of algebraic equations for w i in (13) and the conditions ∂ k w i = ∂ i w k from the second line in (15) if we introduce a function A(x k , t) for which w i = ∂ i Φ/Φ ⋄ = ∂ i A. This is always possible if we consider that A(x k , t) is determined by a necessary type Φ via a corresponding first order Pfaff system. Integrating two times on t in the equations for n i in (13), we obtain n k = 1 n k + 2 n k dt h 4 /( |h 3 |) 3 , where 1 n k (x i ) and 2 n k (x i ) are integration functions. To generate LC-configurations with T = 0 we have to fix at the end 2 n k = 0 and 1 n k = ∂ k n(x i ).
Above formulas define quadratic elements
for generic off-diagonal Einstein manifolds with one Killing symmetry. Such solutions generalize the class of known anisotropic solutions of Bianchi cosmology to configurations when the coefficients of metrics are not subjected to typical symmetric conditions for those spacetimes and, in our approach, may encode geometric and physical data for generic off-diagonal interactions in GR and/or to mimic effect of modified gravity theories, MGTs, [23] . Re-defining the generating functions, and for small off-diagonal coefficients, we reproduce small nonholonomic deformations of ΛCDM universes.
Examples of off-diagonal deformations of FLRW metrics and gravitational solitonic waves: Introducing a new time coordinate t, when t = t(x i , t) and |h 4 |∂t/∂ t, and a scale factor a(x i , t), the d-metric (17) can be represented in the form
where η i = a −2 e ψ , a 2 h 3 = h 3 , e 3 = dy 3 + ∂ k n dx k , e 4 = d t + |h 4 |(∂ i t + w i ). We can model small off-diagonal deformations with a small parameter ε, with 0 ≤ ε < 1, when
We can choose a subclass of generating functions and sources when a(x i , t) → a(t), h 3 (x i , t) → h 3 ( t) etc. This results in new classes of solutions even in diagonal limits because of generic nonlinear and nonholonomic character of off-diagonal systems in GR and MGTs. For ε → 0 and a(x i , t) → a(t), we obtain scaling factors which are very different from those in Friedmann-Lemaˆitre-Roberstson-Worker, FLRW, cosmology. They mimic such cosmological models with re-defined interaction parameters and possible small off-diagonal deformations of cosmological evolution both in GR and MGTs, see [23] .
A metric (17) defines solitonic waves along coordinate x 1 if we takeΦ = s Φ(x 1 , t) = 4 arctan e q 1 q 2 (x 1 −ξt)+q 0 , for certain constants q 0 , q 1 and q 2 = 1/ |1 − ξ 2 |, and put, for simplicity, n = 0. The function A is a solution of To generate such solutions we should take a generating function s Φ(x 1 , x 2 , t) which is a solution of the Kadomtsev-Petviashvili, KdP, equation [24] .
If we consider that in the ansatz (9) y 3 = t (time like coordinate) and y 4 = ϕ (an angular space coordinate), we construct stationary solutions with Killing symmetry on ∂ 3 , see details in [13, 14] . Such solutions include as particular cases black ellipsoid configurations, Taub NUT configurations and other type of Coulomb-like gravitational fields. In particular, for small ε-deformations they include black hole solutions in GR and certain classes of modified theories.
Effective nonholonomic thermodynamics of gravitational fields: A thermodynamic model is a relativistic one if it is derived for the energy momentum conservation equations,
considering the heat flow v α J α into an effective fluid with J α = − D β T αβ . 5 For a perfect (pressureless) matter, T αβ = pg αβ + (ρ + p)v α v β , where v α v α = −1 and ρ and p are respectively the density and pressure. The 4-velocity of the fluid can be taken v α = (0, 0, 0, 1) in certain comoving N-adapted frames when
We can consider also fluids with nontrivial momentum density q α and anisotropic (tracefree) pressure π αβ , when
Defining Θ := (v γ D γ v)/v for a spatial domain υ with volume V = υ v, the entropy is given by S = υ ϑ, when (20) and (21) result in formulas
By ϑ and T , we consider the point-wise entropy and temperature. If we define T independently, we can find S = υ ϑ. 6
5 Such formulas are similar to those for ∇ if we consider distorting relations D = ∇ + Z uniquely determined by data (g, N) and when D | T=0 → ∇. 6 For temperature, we use the symbol T instead of T, or t, in order to avoid possible ambiguities with similar notations, respectively, for tangent space, T V, time like coordinate t etc.
We are seeking to construct a Ricci flow and gravitational analogue of the fundamental laws of the thermodynamics in the form
where g T , g S, g U and g p are respectively the effective temperature, entropy, internal energy and isotropic pressure and V is the spatial volume. For the vacuum gravitational fields, we consider the values
where W is the 'super-energy density' and the 'super-Poynting vector' J α = −h δ α T δβγτ v β v γ v τ is determined by the Bel-Robinson tensor (for holonomic configurations, see details in [17, 18, 19, 9] ),
when the dual Wey tensor is * C αβϕτ := 1 2 η αβεδ C εδ ϕτ . There is a two-index 'square-root' [21] , t αβ , constructed as a solution of
The solutions of these equations depend on the algebraic type (following Petrov's classification) of spacetime and related classes of solutions of the Einstein equations, see details in [20, 9] . There are such variants
Petrov type N, similar to pure radiation;
Petrov type D, similar to Coloumb-like gravitational configurations; various forms , other Petrov types, factorized as D or N, or more complicated, where ǫ = ±1, Ψ 2 = C εαβϕ k ε m αmβ l ϕ and Ψ 4 = C εαβϕm ε l αmβ l ϕ . The first two cases above contain very interesting examples corresponding to stationary black hole solutions and the cases of scalar perturbations of FLRW geometries and their off-diagonal deformations [13] .
Using respective t αβ and | Ψ 2 | = 2 W/3, we can construct a thermodynamic model (22) for Coulomb-like gravitational fields with effective energy-momentum tensor of type (21),
for a constantα to be determined from certain experimental data and/or other theoretic considerations. The corresponding effective energy density and pressure are κ g ρ = 2α 2 W/3 ≥ 0 and g p = 0. We can take g q α = 0 and write the effective fundamental thermodynamic equation for g S = υ g ϑ in the presence of perfect matter field in the form
For wave-like gravitational fields |Ψ 4 | = 2 W. Working with plane wave geometries in Kundt's class of solutions (for holonomic configurations, see details in [9] ), the effective thermodynamic quantities
can be taken for t αβ ≃ κ g T αβ = 2β Wk α k β with a constantβ (in general,β =α). In the presence of a perfect fluid, the resulting fundamental thermodynamic equation for g S = υ g ϑ is
There are alternative definitions of the gravitational temperature which depend on the type of solutions we consider, for instance, in a black hole or cosmological model. Usually, one postulates the expression
where H = Θ/3 is the isotropic Hubble rate. Such a formula reproduces in appropriate limits the formulas from quantum field theory in curved spacetimes, black hole thermodynamics, de Sitter spaces, or Unrugh temperature etc. It can be defined in MGTs with effective modelling by off-diagonal deformations of Einstein spaces.
Geometric evolution and effective relativistic thermodynamics of gravitational fields: Nonholonomic Ricci flows for d-connections were considered in [25, 11] . To study relativistic geometric flow evolutions we use a N-adapted 3+1 decomposition for the canonical d-connection, D = ( t D,D) and d-metric g := (N,g). The nonholonomic W-entropy functional is postulated
whereg(τ ) are families of metrics on a closed 3-d hypersuface Σ t , parameterized by a real parameter τ (t) > 0, where t is a timelike coordinate. In this formula,Ȓ is the Ricci scalar constructed forD; k = const; f (yȃ) ∈ C ∞ (Σ t ), for local coordinates yȃ with indicesȃ,b, ... = 2, 3, 4; and the volume element dv is determined by g. The value W is non-decreasing (a Lyapunov-type property) along any solution to the system of partial differential equations, PDEs,
where∆ andȒc is the Laplace operator corresponding toD andg and a differentiable function τ (ς). We note here that one have to consider different families of nonholonomic distributions for the N-connection N(τ ) if we wont to write such formulas with respect to N-adapted frames (2) or in coordinate basis. For D | T=0 → ∇, the formula W and equations (25) transform respectively into the Perelman's W-entropy W and Hamilton equations for Ricci flows [1, 2] . The smooth function f on an 3-dimensional closed hypersurface can be considered as a function determining the natural log of partition function Z = e −βE dω(E), with density of states measure ω(E),
which allows us to compute the average energy E = − ∂ ∂β log Z, the entropy S = β E + log Z, and fluctuation
∂β 2 log Z. To find such values in explicit form we consider the log of partition function log Z (26) on a closed 3-d hypersurface Σ t of volume V = υ v, when the entropy is given by S = υ ϑ and the constant τ = β −1 is treated as an effective temperature [1] . In order to reproduce via relativistic Ricci flows effective thermodynamics models for gravitational fields with temperature (23), the corresponding Perelman type entropy
can be considered as a functional g S(S) when
This way, we transform the thermodynamical variables for g U ( g S, V ) = U (S, V ) and when the fundamental laws of the thermodynamics (22) are re-written in the form
where p = g p and the relation ∂S/∂τ = σ 2 /τ 3 follows from the definition of W-entropy (24),
In explicit form, the effective entropy of gravitational fields and thermodynamic transforms should be defined differently, for instance, for the Couloumb and/or wave like gravitational fields, when the respective constantsα andβ are chosen to obtain equivalent models for g S and/or S. Prescribing any values for independent data g S and g T , we can construct S and log Z using respectively the formulas (28) and (27) . We denote the solution of the last equation in the form log g Z. Inverting the formula (26), we can find a corresponding function f = g f describing the geometric evolution of a configuration of gravitational fields characterized by certain relativistic thermodynamics data ( g S, g T ).
In [1] , the W-entropy was defined by analogy to statistical thermodynamics but a microscopic description was not provided. In statistical mechanics, the partition function Z = i e −βE i for a thermodynamic system Γ[ϕ i , E i , β] in a canonical ensemble with E i being energies associated to some "microstates" ϕ i at inverse temperature β (we consider summation on all available "microstates"). For non-discrete microstates, one considers integrals over the spaces of microstates Ω, Z = υ e −βE(ω) dω, with associated energy functions E : Ω → R and dω being the density of states measure on Ω. The entropy S (27) of Γ was computed for equilibrium states at temperature τ. In the relativistic case, can consider such constructions for an effective theory for evolution of certain 3-d metrics embedded into 4-d spacetime for which a local gravitational equilibrium exists for a timelike variable t. As a thermodynamic system, the analogous Γ is characterized by a full set of "macrostates" describing its large-scale properties and equivalently modelled by data g S and g T .
It should be noted that G. Perelman called f as the dilaton field and used also an F -functional, F = −τ log Z, with first variation formula which "can be found in the literature on string theory, where it describes the low energy effective action; ...", see the end of section 1 in [1] . Recently, the analogy with string theory in the Polyakov formulation [22] was exploited in Ref. [12] , where a general scheme of defining partition functions associated to relevant geometric flows was proposed. The C. Lin's approach is based on the functional determinant of differential operators and has well-defined microstates as members of a functional spaces. For each microstate, it associates the "Dirichlet energy" associated to the underlying operator. Using double, 3+1 and 2+2, fibrations, corresponding assumptions and data (on analogous macroscopic thermodynamical values associated to solutions of the Einstein equations, additional smooth functions etc) we can determine the operator for energy-determining or macrostates.
Final remarks: G. Perelman's proof of Poincaré conjecture provided a fundamental result on topological structure of the Universe. He elaborated a very general schematic procedure in geometric analysis, with a number of perspectives for applications in modern physics, using a statistical and thermodynamic analogy for geometric evolution scenarios. The approach is based on the concept of W-entropy which was supposed to have certain implications to black hole physics and string theory, [1] .
In this letter, we have shown how the W-entropy can be generalized for relativistic geometric evolution of solutions of the Einstein equations. This allows a statistical thermodynamic description of gravitational interactions, their (fractional) diffusion and kinetic processes [3, 4, 5] . Such constructions, in a macroscopic relativistic thermodynamic formulation [9] , seem to be important for the structure formation of Universes, black hole thermodynamics and characterization of nonlinear wave locally anisotropic and/inhomogeneous gravitational configurations. It is possible to formulate an underlying operator formalism and microscopic approach in the spirit of Polyakov's approach to string theory. This scheme requests a method of constructing generic off-diagonal solutions depending on all spacetime variables [13, 14] which drive in nonlinear parametric form the relativistic Ricci flows evolution of 3-d hypersurface metrics in a 4-d spacetime.
We conclude that anholonomic frame deformation method involved in our constructions can be applied to a wide range of modified gravity theories [26, 27, 28, 29, 30, 23] and generalized geometric evolution models [25, 10, 11] .
